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Abstract m A standardized mean difference in a paired samples design using a pooled standard
deviation, d,,, requires knowledge of the population correlation, p, in order to generate an accurate
estimate of a noncentral ¢ confidence interval (CI). Using the observed empirical correlation intro-
duces a source of random error which causes bias in the variance of Hedges’ g, and in the coverage
of the CI which is most notable at sample sizes below 50 pairs. By contrast, a bootstrap BCa (bias-
corrected and accelerated) CI for d,, does not require an estimate of p, and with unpaired samples
the BCa method produces a CI for d, with nominal coverage when the underlying distribution is
normal. New simulations demonstrate that the coverages of BCa CIs for d,, with paired samples and
a pooled error term are also nominal across a wide range of values of p and the population effect
sizes except at very small sample sizes (n = 10 pairs) where the coverage is slightly depressed.
Thus, the BCa CI is more accurate than a noncentral ¢ CI when using d,, with a normal distribution.
Because the estimation of p affects the variance of g, rather than the central tendency, the value
of g, can be reported along with the BCa CI for d,,. However, simulations to generate a BCa CI for
the unbiased g, instead of d,, produced biased coverage results with 50 or fewer pairs, presumably
because of the bias in the variance of g, when estimating p. Software for generating the intervals is
provided.
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standard deviation, S, based on both sets of scores. For

Introduction equal sample sizes this would be

Psychology researchers often compare the standardized ef-
fect sizes from different studies, and increasingly these ef-

fect sizes are reported as confidence intervals (CIs) around
a standardized effect size. When a study consists of two sets
of measurements based on different treatments the stan-
dardized effect is often Cohen’s d (Cohen, 1988), which is
the difference between the means divided by the standard
deviation of measurements. Because d has a positive bias
with small sample sizes, it is often transformed to its unbi-
ased equivalent Hedges’ g (Hedges, 1981). The interpreta-
tion of d is most reliable when the distributions are normal
and homoschedastic (Hedges, 2024). When this is true, the
best estimate of the common standard deviation is a pooled

2 2
sp= /A2 W

and the d, would be calculated as the raw difference be-
tween the means, D, divided by this pooled standard devi-
ation, or

dp - 4 (2)
where the subscript p indicates that the d was formed us-
ing a pooled standard deviation instead of, for example,

the standard deviation of the difference scores (known as
d, in tools such as GPower). The corresponding unbiased
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Hedges’ g is gp:

_ () 3)
(

where I' is the gamma function and v is the degrees of free-
dom. For independent samples instead of paired samples
one can then calculate a CI for dp using the noncentral ¢
method of Steiger and Fouladi (1997) after which the inves-
tigator reports gp as the point estimate and the CI for dp as
the interval estimate (Fitts, 2021). Unfortunately, one can-
not use the same method to create a CI for d,, with a paired
samples experiment (Fitts, 2020) because the degrees of
freedom, v, for the paired samples experiment depends on
the value of the correlation between the two sets of mea-
sures in the population (i.e., p), which is seldom known:

Paired-pooled - population: v = 2(n — 1)/(1 + p?) (4)

where n is the number of pairs of measurements
(Cousineau, 2020). Substituting the sample r for p in this
equation introduces a source of random error, and con-
sequently the transformations of d,, are not distributed
as a noncentral ¢ (Cousineau, 2020; Cousineau & Goulet-
Pelletier, 2021; Fitts, 2021). Fitts (2022) developed transfor-
mations that could approximately adjust for the bias in cov-
erage when using the Steiger and Fouladi (1997) noncen-
tral t method but different clumsy transformations were
required for each chosen confidence coefficient (e.g., 90, 95
or 99%).

What is needed, then, is a simpler method for gener-
ating a CI for d,, in a paired samples design that does not
depend either on the noncentral ¢ distribution or the exact
degrees of freedom. One possibility is a bootstrap BCa CI
(Kelley, 2005). The bootstrap CI is generated by resampling
data with replacement from the observed sample a large
number of times, and then finding the desired percentiles
from the new ad hoc distribution of resampled d,, values
(e.g., 2.5 and 97.5 for a two-sided 95% CI). This CI is called a
bootstrap percentile CI, which can be adjusted for bias and
accelerated (BCa) using an algorithm provided by Efron to
create the bootstrap BCa CI (Efron, 1985, 1987; Efron & Tib-
shirani, 1993). The bootstrap method does not presume
that the results are distributed as a noncentral ¢, and it does
notrequire the calculation or use of the degrees of freedom.
When used with independent samples and normally dis-
tributed data the method generates CIs with nominal cover-
age for all but the smallest sample sizes (n = 10 per group)
(Kelley, 2005). Repeating this with dependent samples re-
quires a coding of new software to calculate the bootstrap
BCa CI, because existing programs work only with indepen-
dent samples.

@ CrgssMark

Thus, the goals of this project were to create new algo-
rithms that allow computation of the BCa CI for d, from
a paired-samples design and to explore whether the ob-
served coverage of such CIs is nominal when used with nor-
mally distributed, homoschedastic data.

Method

Bootstrap CI

Kelley (2005) adapted the bootstrap BCa method of gen-
erating CIs for use with g, in independent samples. His
method for two-sided intervals was to collect data from
ny + ny = N subjects, to collect 10,000 random samples
of n1 and ng subjects with relacement from that original
data, to calculate 10,000 d,, values, and then to convert each
to gp. Using the distribution of 10,000 g, resampled values
he then calculated percentiles at o/2 and at 1 — «/2, where
« equals one minus the desired confidence level. For exam-
Pple, to create a .950 CI he found the percentiles at .025 and
at .975 in the cumulative resampled distribution to gener-
ate the percentile CI with v = .05. He then applied the BCa
correction, described below, to the percentile CI to gener-
ate the bootstrap BCa confidence interval for g, (Equation
3). The new algorithm presented here uses the same gen-
eral method with the exceptions that (1) the research de-
sign was for paired samples instead of independent sam-
ples; and (2) the resampling consisted of 10,000 d,, samples
instead of converting to g,. One rationale for this was be-
cause the bootstrap CI needed to avoid the calculation of de-
grees of freedom that would have been required for g, (see
Equation 3). In addition, Fitts (2021) found that the noncen-
tral ¢ CI for d had more accurate coverage than a CI for g.
Both methods are tested in the following simulations.

The resampling for a paired samples design necessar-
ily required samples of n pairs of scores rather than sam-
pling values from each of the two independent groups as
performed by Kelley (2005). A bootstrap percentile CI was
then calculated using the desired «, and we call each re-
sampled d value d* to disinguish it from the original d. For
a bias-correction value, Zj, one then calculates the propor-
tion of d* values that are less than the d calculated from the
original sample, and computes:

59 = & <#(d;<d)> ®)

where ®~! is the inverse of the standard normal cumula-
tive distribution function and # denotes “the number of”.
The acceleration value, a, depends on the mean of a
jackknife procedure whereby d is calculated n times after
the ith pair has been deleted (: = 1, - - - , n), where n is the
number of pairs of scores. The acceleration value is calcu-
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lated as:

L S (d- d(ﬂ))s ©

6 ((va_l (d“— d(—i))z) 3/2)

where d is the mean of the N means of the jackknifed sam-
ples with n — 1 observations in each sample. The values 2,
and a are then used to calculate lower and upper cumula-
tive probability values:

(2’0 + Za/g) @
1—&(20 + ZQ/Q))

PLow: @(204»

and

(0 + 20-a/2)) ®
1—a(20 + 2(1-a/2)

The lower and upper bounds of the CI are determined by
finding the quantiles of the ad hoc distribution of d* corre-
sponding to these two cumulative probability values. If 2,
and a are both zero, these cumulative probability values re-
vert to the original «/2 and 1 — «/2, and the bootstrap BCa
CIlimits are identical to those of the uncorrected percentile
distribution.

PUp = <§0+

Degrees of freedom for g,

For all experiments a g, (Equation 3) was estimated from
Equation 4 using the formula for the approximate degrees
of freedom suggested by Cousineau and Goulet-Pelletier
(2021):

Paired-pooled - sample: v = 2(n — 1)/(1 +r3p)  (9)

where n is the number of pairs of scores and ro p is the un-
biased correlation coefficient. Their paper found little dif-
ference between using ro p and the uncorrected r. This pa-
per uses an approximation of 7o p suggested by Olkin and
Pratt (1958), in their equation 2.7 that eliminates integra-

tion:
1— 2
1 + M]

T (10)

rop =7

The following is a tiny example showing the calcula-
tions with 4 pairs of scores (measures 1 and 2). The simula-
tion assumed § = 0.5 and p = .5 with a two-tailed o = .05.
Calculations are rounded to 3 decimal digits for brevity of
presentation which is not recommended in practice.

The first step is to calculate the overall d;, from the two
means and standard deviations. A pooled standard devia-
tion (sdpool) is calculated using Equation 1, and then the
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overall d,, is calculated using Equation 2. The best proce-
dure uses this d,, instead of calculating g, from Equations
3 and 4, so that procedure is omitted. The computer is used
to resample 4 scores randomly with replacement to calcu-
late a d;, from the 4 resampled scores. This procedure is
repeated until B = 10, 000 resampled d;, values have been
assembled into an array and the array is sorted from small-
est to largest. The percentile 95% CI can be calculated di-
rectly from this array of d;, values by finding percentiles at
2.5% and 97.5%.

We now need to adjust the CI for bias and accelerate us-
ing the BCa formulas 5, 6, 7, and 8. For Equation 5, we count
the number of these 10,000 resampled d; values that are
less than the overall d,, from our original sample (i.e., <0.6).
In our simulation, this number was 4937, so 4937/10000 =
0.4937 is the proportion of d;, values less than the origi-
nal d, in this particular case. The inverse standard nor-
mal cumulative distribution function is used to calculate a
quantile corresponding to this proportion (interpreted as a
probability). This can be calculated in Excel with the com-
mand =NORM. INV (0.4937, 0, 1),andthe answer is
2o = -0.01579 to complete Equation 5. To calculate the
bias coefficient we need to calculate jackknifed means and
standard deviations and d,(_;) values for 4 sets of means
with n = 3 each by successively dropping one pair of
means 4 times in Equation 6. These are indicated in the
worked example by the lines beginning “Drop”. For exam-
ple, in line “Drop 1” the calculated mean was 0.509 for mea-
sure 1 from the scores for the three subjects 2, 3, and 4
(dropping subject 1), and the calculated mean was -0.440
for measure 2 from the second scores for the same 3 sub-
jects. A pooled standard deviation is calculated from the
two standard deviations for measures 1 and 2 with n = 3,
and a d,(_;) is calculated as usual using Equation 2. The d
value is the mean of these four successively drawn d,,_;)
values, in this case, 0.587. Now we can calculate the bias
for each d,(_; value by subtracting d— d(—;))- Equation
5 uses the sum of these squared and cubed values so we
calculate those as bias squared and bias cubed and sum
them. The sum of the cubed biases is the numerator for
the calculation of & in Equation 6. The denominator re-
quires the sum of the squared biases taken to the 1.5 power,
and multiplying the result by 6: a = 0.040/0.590 = 0.068.
Thus, we have our two coefficients 2, = -0.01579 and a
= 0.068 for Equations 7 and 8. If these were both 0.000, it
would mean that there is no need for a BCa correction and
the percentile CI values can be used intact. Here they are
nonzero, so we proceed to Equations 7 and 8 to calculate
the lower and upper probability values for our adjusted
BCa CL This requires a z value for our «/2 = 0.025 and
1 — «/2 = 0.975, which are determined from the inverse
normal distribution in Excel as =NORM. INV (0.025, O,
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Table 1 Worked Example

Subject Measurement1 Measurement 2

1 0.069 0.304

2 0.172 0.541

3 1.968 -0.038

4 -0.613 -1.823

M 0.399 -0.254 sdpool  Overall d,,

SD 1.102 1.073 1.088 0.6

Jackknife n = 3

mi sd; mo sds sdpool d(,i) bias d — d(,i) bias cubed bias squared

Drop1 0.509 1.323 -044 1.232 1.278 0.743 -0.156 -0.004 0.024

Drop2 0.475 1.337 -0.519 1.142 1.243 0.799 -0.212 -0.01 0.045

Drop3 -0.124 0427 -0.326 1.302 0.969  0.208 0.379 0.054 0.144

Drop4 0.736 1.068 0.269 0.291 0.783  0.597 -0.01 0 0
sum 2.347 0.04 0.213
d 0.587

From Equation 6:

anum  0.040

a den 0.590

a 0.068

1) and =NORM.INV (0.975, 0, 1), ortheusual +1.96
for a = .05. With 25 = -0.01579 and a = 0.068 we can com-
plete Equations 7 and 8 to find intermediate z values of z1 =
-1.759 and z2 = 2.223, which yield the probability values for
our PLow and PUp, i.e,, =NORM.DIST (-1.759, 0, 1,
1) whichis.039 and =NORM.DIST (2.223, 0, 1, 1)
which is .987. The computer then finds the percentiles in
the ad hoc resampled array of 10,000 d;, values correspond-
ing to the probabilities 3.9% and 98.7% by linear interpola-
tion, and the final BCa CI is [-2.867, 2.120]. See Software
section for additional help.

Simulations

Simulations consisted of 100,000 replications of experi-
ments having normally distributed scores with equal vari-
ances in both conditions and varying levels of p (.0, .2, .4, .6,
and .8), population standardized effect size ¢ (0.0, 0.2, 0.4,
0.6, 0.8, and 1.0), sample size n (10, 20, 30, 40, 50, 75, 150,
and 250 pairs) and confidence coefficient (90, 95, and 99%).
For each experiment, records were made of the d,, g, v, 1,
rop, D, Sp (see Equations 1, 2, 3, 9, 10), both the percentile
and BCa CIs and their respective full widths, and a nota-
tion of whether or not each CI included 4. The average of
each variable over the 100,000 replications were calculated
along with the coverage, defined as the number of experi-
ments where the CI included ¢§ divided by 100,000.

Bias was calculated for the averages of d,, as (d, — ¢),

for g, as (g, —9),ras (r—p),androp as (rop —p). Thus a
positive or negative result indicated a positive or negative
bias of the estimator.

Software

Simulations were conducted using programs written in C.
Executable 64-bit code for a PC, source code, and a help file
are all available at OSF site https://osf.io/txumj/.

Two programs are available, one for calculating boot-
strap BCa CIs from raw data that conforms to a paired-
samples design with a pooled error term. The second is a
program that can be used to replicate the simulation stud-
ies reported here. A script in R to calculate a bootstrap BCa
CI from raw data is also provided at the OSF site for the con-
venience of R programmers. An Excel file showing the cal-
culations from the above worked example is also included.

The simulation studies use original code based on an
R program published by Kelley (2005) for computing boot-
strap BCa nonparametric CIs for a standardized mean dif-
ference with independent data that has been translated to
C and further adapted here for the paired-pooled design us-
ing a B array of resampled d,, values instead of g, values.
The number of resampled d,, values to use, B, was always
10,000 in these simulations, but the user should be aware
that this number should be increased if used with « values
more stringent than .01. The program detects percentiles
in this ad hoc array of resampled values at probability val-
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ues corresponding to a/2 and 1 — «/2. With a = .001
these percentiles would represent scores (10,000)(.0005) =
5 and (10,000)(.9995) = 9995 in the sorted array which are
very close to the boundaries, so B > 20, 000 would be pre-
ferred. This increase in random resampling obviously in-
creases computing time for simulations with 100,000 itera-
tions of each experiment, but it is tolerable when comput-
ing a CI using raw data from a single experiment.

The programs to compute a bootstrap BCa CI for a
standardized mean difference (present study; Kelley, 2005)
have a peculiarity that distinguishes them from similar ef-
forts with unstandardized data, and that has to do with
equation 6. For a single sample, or even for an unstan-
dardized mean difference between two samples, the mean
of the NV jackknifed means is equal to the overall mean of
the original sample. That equality between the mean of the
jackknifed means and the overall mean of the full sample is
destroyed by the division by the standard deviation to form
the d,,. Here I distinguish between the mean of the jack-

knifed d values (i.e., d) and the overall d for the original full
dataset, which are not equal for the d,,. In the calculation
of variable a (Equation 6), where the deviations of the in-
dividual jackknifed d,,s from the mean of the NV jackknifed
dps are summed, the mean of the jackknifed d,,s is used in-
stead of the overall d,, of the original sample. The differ-
ence is small (in the above example, d;, = 0.6 and J = 0.587)
and the method appears to work well in practice. For un-
standardized values there is no difference between D, and
D. The din equation 5 remains the overall d,, of the origi-
nal sample both in the program of Kelley (2005) and here.
This difference between standardized and unstandardized
analyses is illustrated in the Excel file of the worked exam-
ple at the OSF site.

Results

Simulations using resampled d,,

A complete set of simulations was conducted with 10,000
resampled d,, values to generate the percentile CI. A lim-
ited set of simulations conducted with 10,000 resampled g,
values as a demonstration of the bias is presented later.

Before examining coverage, it is useful to examine the
bias of the estimators obtained during the simulations. The
bias of d,, was greatest at small sample size as expected, and
the conversion to g, eliminated the bias as expected. As
a reminder, the previous study with paired samples (Fitts,
2022) observed a bias in the variance of g,, not in the cen-
tral tendency, and here we consider the mean g,. The bias
of r was greatest at small sample sizes as expected, and the
conversion to the approximate rop virtually eliminated
the bias.

In general, the coverage of the percentile interval was
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farther from the nominal value for the confidence coeffi-
cient than the BCa interval, with coverage of the percentile
interval being lower than for the BCa interval, so data will
be presented for the BCa interval.

The mean coverage data are summarized in Table 2 for
each value of § averaged across all values of p for the 90, 95,
and 99% confidence coefficients. In general, larger values
of ¢ produced very slightly lower coverages than smaller
values of § at small sample sizes, but overall the coverages
were very nearly nominal for all confidence coefficients.
The smallest sample size of n = 10 pairs fared worst with
low coverages. With sample sizes of 20 pairs or more, all av-
erages rounded to two decimal places were .89-.90 at 90%,
.94-.95 at 95%, and .98-.99 at 99%.

The mean coverage data are summarized in Table 3 for
each value of p averaged across all values of § for the 90,
95, and 99% confidence coefficients. Again, for all sample
sizes of 20 pairs or more, all averages rounded to two deci-
mal places were .89-.90 at 90%, .94-.95 at 95%, and .98-.99 at
99%. Larger effect sizes had slightly lower coverages than
smaller effect sizes, and the coverage was most below nom-
inal with n = 10 pairs.

The residual very small bias tended to be in the direc-
tion of lower than nominal coverage (e.g., .89 instead of .90).
Circumstances that call for the most caution in interpret-
ing the coverage as nominal include combinations of very
small sample sizes, very large effects, and very high cor-
relations, situations which rarely apply in cognitive, social,
or educational psychology. Areas such as neuroscience and
physiological psychology will rarely encounter this prob-
lem because the dependent variables tend to be more di-
rectly comparable in unstandardized form (e.g., number
of double-labeled neurons or differences in mean arterial
pressure in mmHg).

The average widths of the BCa CIs at all values of 9, p,
and n are presented in Table 4 for 90% CIs, Table 5 for 95%
CIs, and Table 6 for 99% CIs. As expected, larger sample
sizes generated narrower widths. Although the investiga-
tor is unlikely to know § and p when planning an exper-
iment, the tables are useful for providing a rough idea of
the sample size required to generate a CI of a given width.
For example, if the investigator desires to generate a 95%
CI with a width of at most 0.5 standard deviations, one can
see in Table 5 that the average widths of all CIs were below
0.5 with a sample size of 150 pairs regardless of the final
value of § or p (width range 0.20 to 0.48). The ranges can
be reduced considerably if the investigator has reliable a
priori information about § or p. In general, the width in-
creased with increasing effect size and decreased with in-
creasing correlation. Negative correlations were not con-
sidered here because the point of matching subjects is to
produce a positive correlation that increases power, and
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Table 2m Mean coverages of BCa CIs for each value of § averaged across all values of p for the 90, 95, and 99% confidence
coefficients at different sample sizes using the d,, ad hoc resampling array. For sample sizes 20 and above, the coverage

was either at or only very slightly below the nominal value.

90% 95% 99% 90% 95% 99%

) n n

0 10 0.892 0.937 0.976 50 0.902 0.950 0.989
0.2 0.890 0.936 0.975 0.901 0.950 0.989
0.4 0.887 0.933 0.974 0.900 0.949 0.989
0.6 0.881 0.928 0.971 0.899 0.948 0.989
0.8 0.874 0.923 0.969 0.897 0.947 0.988
1 0.866 0.917 0.964 0.895 0.945 0.987
0 20 0.900 0.947 0.986 75 0.900 0.950 0.990
0.2 0.899 0.947 0.986 0.901 0.950 0.989
0.4 0.897 0.945 0.985 0.901 0.949 0.989
0.6 0.894 0.944 0.984 0.900 0.948 0.989
0.8 0.890 0.940 0.983 0.898 0.947 0.989
1 0.887 0.937 0.982 0.896 0.947 0.988
0 30 0901 0.949 0.988 150 0.900 0.950 0.990
0.2 0.901 0.948 0.988 0.901 0.950 0.990
0.4 0.900 0.948 0.988 0.900 0.950 0.990
0.6 0.896 0.947 0.987 0.900 0.950 0.990
0.8 0.895 0.944 0.986 0.899 0.949 0.989
1 0.891 0.942 0.985 0.898 0.949 0.989
0 40 0.902 0.950 0.989 250 0.900 0.950 0.990
0.2 0901 0.949 0.989 0.900 0.950 0.990
04 0.900 0.948 0.988 0.900 0.949 0.990
0.6 0.898 0.948 0.988 0.900 0.949 0.990
0.8 0.896 0.946 0.987 0.900 0.950 0.990
1 0.894 0.945 0.987 0.899 0.949 0.990

a negative correlation could make power even worse than
an independent samples test. In the context of a CI, an in-
crease in positive correlation greatly reduces the width of
the CI, thus increasing the accuracy of the estimation of the
parameter. A negative correlation would do the opposite.

Simulations using resampled g,

The previous simulations were repeated exactly for sample
sizes of 10, 20, 30, 40, 50, and 75 except that the resampled
distribution was 10,000 estimated values of g, instead of
dp. For each simulated experiment and each resampled or
jackknifed experiment, the d, was immediately converted
to g, using Equations 3, 4, 9, and 10, and used instead of
d, in the calculations of Equations 5, 6, 7, and 8. The cov-
erage results for each effect size averaged over all correla-
tions and for each correlation averaged over all effect sizes
for each confidence coefficient of 90, 95, and 99% are pre-
sented in Table 7. The data for sample sizes of 75 and above
are identical to the d, data from the previous tables and are
omitted for brevity. At sample sizes 0f 10, 20, and 30 the cov-
erages are lower than for the simulations using d,,. At sam-

ple sizes of 40 and above the data begin to converge on the
dp results from previous tables. The poorer performance
from resampled g, distributions at small sample sizes is
consistent with previous research demonstrating a bias in
the variance of g, rather than the mean of g,, and the dis-
tortion of the variance of g, would be worst at small sample
sizes where the estimate of the variance is less stable. The
distortion of the variance is attributable to the random er-
ror introduced in the calculation of the degrees of freedom
used to calculate g, by using the sample rop (Equation 9)
instead of p (Equation 4), which would also be worst with
small sample sizes. At large sample sizes d, and g, con-
verge (Hedges, 1981).

Variation of Width

Coverage is a principal measure of the quality of a CI. For
CIs with equal coverage, another measure of quality is its
width, with narrower CIs providing better estimates of the
location of the parameter § than wider CIs. For a given
confidence level and sample size, the width will vary as
a random variable with different random samples. With
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Table 3m Mean coverages of BCa CIs for each value of p averaged across all values of 4 for the 90, 95, and 99% confidence
coefficients at different sample sizes using the d,, ad hoc resampling array. For sample sizes 20 and above, the coverage

was either at or only very slightly below the nominal value.

90%  95%  99% 90%  95%  99%
p n n
0 10 0.888 0.933 0.973 50 0901 0.949 0.989
0.2 0.885 0.932 0.973 0.900 0.950 0.989
0.4 0.884 0.930 0.972 0.899 0.949 0.989
0.6 0.881 0.928 0.971 0.899 0.948 0.988
0.8 0.871 0.922 0.968 0.896 0.946 0.987
0 20 0.899 0.946 0.986 75 0901 0.950 0.989
0.2 0.897 0.945 0.985 0.901 0.949 0.989
0.4 0.896 0.944 0.985 0.900 0.948 0.989
0.6 0.893 0.943 0.984 0.898 0.949 0.989
0.8 0.888 0.939 0.983 0.897 0.947 0.988
0 30 0.900 0.949 0.988 150 0.900 0.950 0.990
0.2 0.899 0.948 0.988 0.900 0.949 0.990
0.4 0.897 0.947 0.987 0.899 0.948 0.989
0.6 0.897 0.945 0.987 0.899 0.949 0.990
0.8 0.892 0.943 0.986 0.899 0.947 0.989
0 40 0.901 0.950 0.989 250 0.900 0.950 0.990
0.2 0.900 0.949 0.988 0.900 0.950 0.990
0.4 0.899 0.948 0.988 0.900 0.950 0.990
0.6 0.898 0.947 0.988 0.900 0.949 0.990
0.8 0.895 0.945 0.987 0.900 0.949 0.990

forms of CIs using a noncentral ¢ such as those suggested
by Steiger & Fouladi (1997) or Hedges & Olkin (1985) the
randomness of independent samples is the only source of
variability of the width because each random sample has
one unique solution to the location of the CI's bounds (Fitts,
2021). The same is not true of bootstrap CIs for which the
width can vary from run-to-run of a single set of data be-
cause of the requirement for random resampling to form
the ad hoc sampling distribution that is the basis of the
bootstrap. It is not unreasonable to wonder how much ex-
tra variability this feature of the method adds. One way to
measure this is to compare the variability of repeated cal-
culations of the width from a single fixed sample with the
variability of calculations of the width from many different
random samples based on identical parameters.

The simulations used the same methods as previous d,,
experiments, drawing 50 different random samples from
populations with varying ¢ (0.0, 0.5, or 1.0), varying p (.0,
.2, 4, .6, or .8), and varying n (10, 20, 30, 40, 50, 75, 150,
or 250 pairs) for a total of 50 * 3 * 5 * 8 = 6,000 different
random samples. Then, for each individual random sam-
ple, the width of the CI was calculated by repeating the BCa
CI algorithm on the same fixed data 50 times, and the av-
erage standard deviation of the widths was calculated for
estimates of the CI from the same data (FIXED dataset cal-

culations). For each random sample, the mean width of
50 FIXED calculations was determined as a stable estimate
of the mean width for a given sample and the mean and
standard deviation of these means was calculated for the
different random samples (RANDOM dataset calculations)
based on identical parameters. The standard deviations
for the RANDOM calculations should have little contribu-
tion from the variation caused by repeated sampling of the
same dataset. The mean width was calculated as the mean
of 50 different random samples based on the means of the
50 FIXED sample calculations (i.e., the mean of means). The
standard deviation of the width was calculated twice, once
for the FIXED dataset and once for the RANDOM dataset.
The data are presented as summary means for each
value of § collapsed across all values of p (Figure 1) and
again for each value of p collapsed across all values of §
(Figure 2). In each figure, the top panel is the mean width
for each condition and the bottom panel is the standard
deviations for both the FIXED (dashed lines) and RANDOM
datasets (solid lines). From Figure 1 it is apparent that dif-
ferences in § contribute very little to differences in the stan-
dardized width, and from Figure 2 it is apparent that dif-
ferences in p cause an obvious reduction in width with in-
creasing correlations. Naturally, the mean widths of these
50 stabilized means of 50 samples are similar to but less ac-
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Table 4 m Average 90% BCa CI width for each value of §, p and n.

@ CrgssMark

npairs

10 20 30 40 50 75 150 250
1) P BCAWiId BCAWid BCAWid BCAWid BCAWid BCAWid BCAWid BCAWIid
0 0 1.58 1.07 0.87 0.75 0.66 0.54 0.38 0.29
02 0 1.58 1.07 0.87 0.75 0.67 0.54 0.38 0.30
04 0 1.59 1.08 0.87 0.75 0.67 0.55 0.38 0.30
06 0 1.60 1.09 0.88 0.76 0.68 0.55 0.39 0.30
08 0 1.61 1.10 0.89 0.77 0.69 0.56 0.40 0.31
1 0 1.63 1.12 0.91 0.79 0.70 0.57 0.40 0.31
0 02 142 0.96 0.78 0.67 0.60 0.48 0.34 0.26
02 02 142 0.96 0.78 0.67 0.60 0.49 0.34 0.26
04 02 143 0.97 0.78 0.68 0.60 0.49 0.35 0.27
06 02 144 0.98 0.79 0.68 0.61 0.50 0.35 0.27
08 02 146 1.00 0.81 0.70 0.62 0.51 0.36 0.28
1 0.2 148 1.02 0.83 0.71 0.64 0.52 0.37 0.28
0 04 1.25 0.84 0.68 0.58 0.52 0.42 0.30 0.23
02 04 1.25 0.84 0.68 0.58 0.52 0.42 0.30 0.23
04 04 1.26 0.85 0.69 0.59 0.53 0.43 0.30 0.23
06 04 1.28 0.87 0.70 0.60 0.54 0.44 0.31 0.24
08 04 1.30 0.89 0.72 0.62 0.55 0.45 0.32 0.25
1 04 1.32 0.91 0.74 0.64 0.57 0.47 0.33 0.25
0 0.6 1.04 0.69 0.56 0.48 0.42 0.34 0.24 0.19
02 06 1.05 0.70 0.56 0.48 0.43 0.35 0.24 0.19
04 0.6 1.06 0.71 0.57 0.49 0.44 0.35 0.25 0.19
0.6 06 1.08 0.73 0.59 0.51 0.45 0.37 0.26 0.20
08 06 1.11 0.76 0.61 0.53 0.47 0.38 0.27 0.21
1 0.6 1.15 0.79 0.64 0.56 0.50 0.41 0.29 0.22
0 0.8 0.76 0.50 0.40 0.34 0.30 0.24 0.17 0.13
02 08 0.77 0.51 0.40 0.35 0.31 0.25 0.17 0.13
04 08 0.79 0.53 0.42 0.36 0.32 0.26 0.18 0.14
06 08 0.3 0.56 0.45 0.39 0.35 0.28 0.20 0.15
08 08 0.88 0.61 0.49 0.42 0.38 0.31 0.22 0.17
1 0.8 0.95 0.66 0.54 0.47 0.42 0.34 0.24 0.19

curate than the mean widths of the 100,000 samples in Ta-
bles 3 to 5, so the tabled values are preferred for planning
purposes. In both figures it is clear that the standard devi-
ation of the FIXED calculations is far less than the standard
deviation of the RANDOM calculations.

Discussion

A task force on statistical inference in psychology encour-
ages CIs on effect sizes, and standardized effect sizes should
be presented when the measurements are not meaningful
or comparable on a practical level (Wilkinson & the Task
Force on Statistical Inference, 1999). Cohen’s d is one ex-
ample of a standardized effect size based on two means
(Cohen, 1988) and the means can be derived from two in-
dependent groups, from two repeated measures on a sin-
gle group, or from two groups of subjects that have been

matched on a positively correlated variable that is rele-
vant to the dependent variable of interest. For independent
samples from normally distributed measures with equal
variances and sample sizes (Hedges, 2024) the best stan-
dard deviation to use is .S, (Equation 1). For repeated or
matched scores, the difference between the means can be
standardized by the standard deviation of the difference
scores (called dp or d.) as is commonly done in a ¢ test
(where ¢t = dp+/n). However, dp cannot be directly com-
pared with the result for d,, (Equation 2) from another
study with either independent or dependent samples. Com-
putations to attempt a conversion of dp to d,, exist, but are
not generally recommended because the assumption of ho-
moschedasticity that is required for d, is not required for
a valid dp (Goulet-Pelletier & Cousineau, 2018, 2019; Lak-
ens, 2013). For an accurate comparison of the standard-
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Table 5 m Average 95% BCa CI width for each value of §, p and n.

@ CrgssMark

npairs

10 20 30 40 50 75 150 250
0 P BCAWiId BCAWid BCAWid BCAWid BCAWid BCAWid BCAWid BCAWid
0 0 1.94 1.29 1.04 0.89 0.79 0.65 0.45 0.35
02 0 1.94 1.29 1.04 0.89 0.80 0.65 0.46 0.35
04 0 1.94 1.30 1.05 0.90 0.80 0.65 0.46 0.35
06 0 1.95 1.31 1.06 0.91 0.81 0.66 0.46 0.36
08 0 1.97 1.33 1.07 0.92 0.82 0.67 0.47 0.36
1 0 1.99 1.35 1.09 0.94 0.84 0.68 0.48 0.37
0 02 174 1.16 0.93 0.80 0.71 0.58 0.41 0.31
02 02 174 1.16 0.93 0.80 0.71 0.58 0.41 0.32
04 02 175 1.17 0.94 0.81 0.72 0.59 0.41 0.32
06 02 1.77 1.18 0.95 0.82 0.73 0.59 0.42 0.32
08 02 178 1.20 0.97 0.84 0.74 0.61 0.43 0.33
1 02 181 1.23 0.99 0.85 0.76 0.62 0.44 0.34
0 04 153 1.01 0.81 0.69 0.62 0.50 0.35 0.27
02 04 1.53 1.01 0.81 0.70 0.62 0.50 0.35 0.27
04 04 154 1.02 0.82 0.71 0.63 0.51 0.36 0.28
06 04 1.56 1.04 0.84 0.72 0.64 0.52 0.37 0.28
08 04 1.59 1.07 0.86 0.74 0.66 0.54 0.38 0.29
1 04 1.62 1.10 0.89 0.76 0.68 0.56 0.39 0.30
0 0.6 1.28 0.84 0.67 0.57 0.51 0.41 0.29 0.22
02 0.6 129 0.84 0.67 0.58 0.51 0.41 0.29 0.22
04 06 1.30 0.86 0.68 0.59 0.52 0.42 0.30 0.23
06 06 1.32 0.88 0.71 0.61 0.54 0.44 0.31 0.24
08 06 1.36 0.91 0.74 0.63 0.56 0.46 0.32 0.25
1 0.6 141 0.95 0.77 0.67 0.59 0.48 0.34 0.26
0 0.8 0.94 0.60 0.48 0.41 0.36 0.29 0.20 0.16
02 08 0.95 0.61 0.49 0.41 0.37 0.30 0.21 0.16
04 08 098 0.64 0.51 0.43 0.39 0.31 0.22 0.17
06 0.8 1.02 0.68 0.54 0.47 0.42 0.34 0.24 0.18
0.8 08 1.08 0.73 0.59 0.51 0.45 0.37 0.26 0.20
1 08 1.16 0.79 0.64 0.56 0.50 0.41 0.29 0.22

ized effect size of a study with independent stubjects to that
from a study with paired measures (repeated measures or
matched subjects) one needs to compute d,, from the paired
measures (reviewed in Fitts, 2022).

A CI for d, from normally distributed and ho-
moschedastic independent scores is most reliably created
using the noncentral ¢ method of Steiger and Fouladi (1997)
as reported by Fitts (2021). However, the calculation of this
interval from dependent measures is problematic because
of the requirement to calculate the degrees of freedom, v.
Various authors suggested using v = n — 1, as in the ¢
test (Borenstein et al., 2009; Cumming, 2012; Cumming &
Finch, 2001; Lakens, 2013), although Cumming (2012) noted
that g, was not completely unbiased. Goulet-Pelletier and
Cousineau (2018) suggested v = 2(n — 1) as in an indepen-
dent measures experiment with equal sample sizes. Fitts

(2020) demonstrated that the degrees of freedom actually
vary according to the value of p from v = (n — 1) with
p = 10torv = 2(n — 1) with p = 0. Cousineau (2020)
rapidly supplied a calculation formula (Equation 4). Re-
placing p with an unbiased estimate of the sample r as in
Equation 9 introduces random error in the calculation of
either g, or the CI for d, and the distribution of the non-
centrality parameter corresponding to d,, is no longer dis-
tributed exactly as a noncentral ¢. Fitts (2022) suggested
an empirical adjustment to correct for bias from using
rop instead of p in the calculation of Steiger & Fouladi
intervals, and numerous approximations have also been
suggested (Cousineau, 2020; Cousineau & Goulet-Pelletier,
2021; Viechtbauer, 2007).

The present simulations demonstrate that a CI with ac-
curate coverage can be calculated using a BCa bootstrap
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Table 6 m Average 99% BCa CI width for each value of §, p and n.

@ CrgssMark

npairs

10 20 30 40 50 75 150 250
1) P BCAWiId BCAWid BCAWid BCAWid BCAWid BCAWid BCAWid BCAWIid
0 0 2.74 1.74 1.38 1.18 1.05 0.85 0.60 0.46
02 0 2.74 1.74 1.39 1.19 1.06 0.85 0.60 0.46
04 0 2.75 1.75 1.40 1.19 1.06 0.86 0.60 0.47
06 0 2.76 1.77 1.41 1.21 1.07 0.87 0.61 0.47
08 0 2.78 1.79 1.43 1.22 1.09 0.88 0.62 0.48
1 0 2.80 1.82 1.45 1.25 1.11 0.90 0.63 0.49
0 02 247 1.56 1.24 1.06 0.94 0.76 0.54 0.41
02 02 247 1.56 1.24 1.06 0.95 0.77 0.54 0.42
04 02 248 1.58 1.25 1.07 0.95 0.77 0.54 0.42
06 02 249 1.59 1.27 1.09 0.97 0.78 0.55 0.43
08 02 252 1.62 1.29 1.11 0.99 0.80 0.56 0.43
1 0.2 254 1.65 1.32 1.13 1.01 0.82 0.58 0.45
0 04 217 1.36 1.08 0.92 0.82 0.66 0.46 0.36
02 04 218 1.37 1.08 0.93 0.82 0.67 0.47 0.36
04 04 219 1.38 1.10 0.94 0.83 0.68 0.47 0.37
06 04 221 1.40 1.12 0.96 0.85 0.69 0.48 0.37
08 04 223 1.44 1.15 0.98 0.87 0.71 0.50 0.38
1 04 2.27 1.47 1.18 1.01 0.90 0.73 0.52 0.40
0 0.6 1.83 1.13 0.89 0.76 0.67 0.54 0.38 0.29
02 06 184 1.14 0.90 0.77 0.68 0.55 0.38 0.30
04 06 185 1.16 0.92 0.78 0.69 0.56 0.39 0.30
0.6 06 1.88 1.19 0.94 0.81 0.72 0.58 0.41 0.31
08 06 1.92 1.23 0.98 0.84 0.75 0.61 0.43 0.33
1 0.6 1.97 1.28 1.03 0.89 0.79 0.64 0.45 0.35
0 0.8 1.37 0.82 0.64 0.54 0.48 0.39 0.27 0.21
02 08 1.38 0.83 0.65 0.55 0.49 0.39 0.28 0.21
04 08 140 0.86 0.68 0.58 0.51 0.41 0.29 0.22
06 08 146 0.92 0.73 0.62 0.55 0.45 0.31 0.24
08 08 1.3 0.98 0.79 0.67 0.60 0.49 0.34 0.27
1 0.8 1.63 1.07 0.86 0.74 0.66 0.54 0.38 0.29

CI, although sample sizes below 20 pairs may experience a
slight depression of coverage (the worst among those tested
was a coverage of .92 instead of .95 with n = 10 and
0 = 1.0, Table 1). Few experiments striving for accuracy
in parameter estimation (Kelley & Rausch, 2006; Maxwell et
al., 2008) would plan experiments with fewer than 20 pairs.

The width of a CI indicates the precision of the estimate,
with narrow CIs providing greater precision in the location
of 5. Kelley and Rausch (2006) included tables that gave
sample sizes for experiments with two independent groups
in order to achieve a predetermined standardized width of
CI on average if one is able to estimate ¢ with precision, be-
cause larger values of § produce wider CIs for a given sam-
ple size. For example, to achieve a 95% CI with an average
width of .80 one needs 49 subjects per group if the ¢ is 0.05
and 55 per group if the ¢ is 1.0 (see Kelley & Rausch, 2006,

Table 2, top panel).

We can compare these sample sizes for independent
groups to the present data in Table 4 for a 95% BCa Clin a
paired-pooled design for several effect sizes. Because an in-
dependent groups design is uncorrelated, we first compare
the sample size for p = .00 from the present simulations
with the results of Kelley and Rausch (2006). By scanning
the top row of Table 4 for § = 0 and p = 0 we find that the
sample size closest to an average width of .8 is 50 pairs of
scores. By the sixth row of the table for § = 1.0 we see that
the average width is 0.84, i.e., wider than our desired 0.80,
and this indicates that we would require a few additional
pairs with 6 = 1.0 to achieve the desired width of 0.80.
Thus, the required sample size for a matched pairs experi-
ment would require about the same sample size per group
as an independent groups experiment if the correlation be-
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Table 7 m Worse coverage for each value of § and p for small sample g, ad hoc resampling arrays with confidence co-
efficients of 90, 95, or 99%. Data for each § are averaged across all levels of p and vice versa. Above n = 50 coverage

converged with the findings of Tables 2 and 3.

90%  95%  99% 90%  95%  99%

) n p n

0 10 0.853 0.908 0.962 0 10 0.857 0912 0.963
0.2 0.853 0.908 0.962 0.2 0.856  0.909 0.962
0.4 0.853 0.908 0.962 0.4 0.853 0.908 0.961
0.6 0.854 0.908 0.962 0.6 0.852 0.906 0.961
0.8 0.853 0.908 0.961 0.8 0.848 0.902 0.959
1 0.853 0.905 0.959

0 20 0.882 0935 0.981 0 20 0.885 0.936 0.982
0.2 0.882 0.934 0.981 0.2 0.883 0.936 0.981
0.4 0.883 0.934 0.981 0.4 0.882 0.934 0.981
0.6 0.881 0.934 0.980 0.6 0.879 0.932 0.980
0.8 0.880 0.933 0.980 0.8 0.876  0.930 0.978
1 0.879 0.931 0.979

0 30 0.890 0.941 0.985 0 30 0.892 0.943 0.986
0.2 0.890 0.941 0.985 0.2 0.891 0.942 0.985
0.4 0.889 0.941 0.985 0.4 0.889 0.941 0.985
0.6 0.889 0.940 0.985 0.6 0.888 0.940 0.984
0.8 0.889 0.940 0.984 0.8 0.885 0.937 0.983
1 0.886 0.939 0.984

0 40 0.893 0.944 0.987 0 40 0.893 0.945 0.988
0.2 0.893 0.944 0.987 0.2 0.893 0.944 0.987
0.4 0.893 0.943 0.986 0.4 0.892 0.944 0.986
0.6 0.892 0.943 0.986 0.6 0.891 0.942 0.986
0.8 0.891 0.943 0.986 0.8 0.889 0.941 0.985
1 0.890 0.942 0.986

0 50 0.895 0.946 0.987 0 50 0.895 0.947 0.988
0.2 0.894 0.945 0.987 0.2 0.895 0.946 0.988
0.4 0.893 0.946 0.987 0.4 0.894 0.945 0.987
0.6 0.894 0.945 0.987 0.6 0.893 0.944 0.987
0.8 0.893 0.945 0.987 0.8 0.892 0.943 0.986
1 0.893 0.944 0.987

tween the scores is 0.0 (i.e., 49-55 from Kelley & Rausch),
and the sample size for a repeated measures experiment
would be half the total number of subjects of the indepen-
dent groups experiment. This is the worst that could hap-
pen unless the unfortunate investigator happened to match
subjects using a negatively correlated measure.

For p = .20, the range of expected widths of our BCa ex-
periment with 50 pairs would be 0.71 to 0.76 for effect sizes
of 0 and 1.0. For p = .40, the expected widths have been
cut to 0.62 to 0.68 for the same sample sizes, indicating con-
siderable improvement in efficiency by using a correlated
design. With the tables of Kelley and Rausch (2006) for the
independent groups design and a large effect size one can
estimate the minimum width of the interval in a BCa CI if
the observed pis only .00. If the scores are indeed positively

correlated in the paired design, which is the point of match-
ing scores, the average width will be narrower than that of
the independent groups design with either the same sam-
ple size (for matched subjects) or half the total sample size
(for repeated measures). This effect is clearly illustrated in
Figure 2.

Because the bootstrap method itself does not require a
normal distribution of scores, one might wonder how the
method works with distributions that are not normally dis-
tributed and homoschedastic. When used to generate a CI
for a standardized mean difference, the problem lies partly
in the interpretation of the statistic itself rather than the
method. Hedges (2024) concludes, “If the data are not ap-
proximately normally distributed or if they have substan-
tially unequal standard deviations, the relation between
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Figure 1= Means and standard deviations of standardized widths of BCa CIs for 3 levels of § collapsed actoss 5 levels of
p for different sample sizes. S.D.s were averaged for 50 reps of the FIXED data or for 50 different (RANDOM) random

samples.
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d and overlap between distributions can be very differ-
ent, and interpretations of d that apply when the data are
normal with equal variances are unreliable.” The BCa ad-
justment to the percentile bootstrap CI corrects for bias in
asymptotic samples (Efron, 1985, 1987; Efron and Tibshi-
rani, 1993), but the correction has limitations in terms of
disribution shape and sample size (Algina et al., 2006; Chen
& Peng, 2015; DasPeddada & Patwardhan, 1992; Efron &
Tibshirani, 1993; Schenker, 1985; Zhou & Dinh, 2005). The
present study did not include simulations with nonnormal
or heteroschedastic distributions.
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of § for different sample sizes. S.D.s were averaged for 50 reps of the FIXED data or for 50 different (RANDOM) random

samples.
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